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Helicoidal Surface Theory for Harmonic Noise of

Propellers in the Far Field

Donald B. Hanson*
Hamilton Standard Div., United Technologies Corporation, Windsor Locks, Conn.

/

The acoustic analogy is used to derive far-field radiation equations for high-speed propellers in flight via a
helicoidal surface representation of the blades. The linear thickness and loading sources and the nonlinear
quadrupole sources are steady in blade-fixed coordinates. Blade sweep and off set (bending normal to the chord)
appear explicitly as phase lag effects. The frequency domain results clarify the role of acoustic noncompactness,
i.e., noise cancellation due to finite chord and span effects. The analysis extends, unifies, and refines the theories
of several previous workers. The theory agrees well with data from a supersonic tip speed propeller.
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Nomenclature
= airfoil chord
= number of blades
= b/Dy chord-to-diameter ratio
= ambient speed of sound
= lift coefficient
= drag coefficient
= propeller diameter
= /th component of force/unit are exerted
by fluid on airfoil

= face alignment or offset, see Fig. 1
= generalized source function, Eq. (15)
= Green's function
= thickness distribution
-h/b, normalized thickness distribution,
Fig. 3

= Bessel function
= wavenumbers given by Eqs. (35) and (42)
= harmonic of blade passing frequency
= midchord alignment or sweep, see Fig. 1
= VM^ +z2M2r section relative Mach number
= Qrr/C0 = tip rotational Mach number
= K/C0 = flight Mach number
= mB = harmonic of shaft frequency
= pressure disturbance
= complex Fourier coefficient of/?

= seeEq.(30)
= distance from origin to observer point
= radius of source point on blade
= propeller tip radius =D/2
= U — y \ = distance from source point to
observer

= observer time
= ratio of maximum thickness to chord
= quadrupole source, Eq. (2)
= component in chordwise direction of
disturbance velocity

= \IV2 + Q2/-0 = local blade section speed
= component normal to chord of distur-
bance velocity
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flight speed
normal component of airfoil surface
velocity
(x,y, 0) = observer coordinates
Jo/b — normalized chordwise coordinate
observer distance from propeller axis
source coordinates yl ,y2 ,y3
£0/£ = normalized coordinate per-
pendicular to chord and to radius
/0 lrT - normalized radial coordinate
source coordinate normal to chord (Fig.
D
(yo>£o>ro)
source coordinate in chordwise direction
(Fig. 1)
Kroneker delta
Dirac delta (impulse) function
radiation angle from propeller axis to
observer point
phase lag due to offset and sweep, Eqs.
(43) and (44)
density
disturbance density
ambient density
source time variable
transform of generalized source function,
Eq. (19)
normalized source transforms, Eqs. (34),
(37), (38), (41)
2 TT times sound frequency
2 TT times shaft rotation frequency
Q/(l-Mjrcos0)
differentiation with respect to argument,
as in h '

Introduction

THERE has been a renewed interest in propeller noise in
recent years because of environmental concerns in

general and because of the advanced turbopropellers (prop
fans) being developed for fuel -conservative transport aircraft.
With today's pressure to reduce noise, the designer needs to
know the acoustic influence of the various design parameters
at his disposal so that he can make intelligent decisions to
meet weight, cost, performance, and noise requirements. The
purpose of this paper is to present analytical expressions
which show the mechanisms by which such parameters as
thickness, chord, twist, sweep, and airfoil section shape in-
fluence noise radiation. This is accomplished via a new
frequency domain analysis which displays many of the design
variables explicitly.
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The problem to be treated is the noise of propellers in flight
with uniform inflow so that all sources are steady in blade-
fixed coordinates. The earliest approaches to this problem
were in the frequency domain as in the works of Gutin,1

Garrick and Watkins,2 and Arnoldi.3 These led to ex-
pressions for harmonic coefficients which are relatively
simple except for the inevitable appearance of Bessel func-
tions. Later, when high-speed computers became available,
time domain theories, as exemplified by the works of
Farassat,4 Hanson,5 and Schmitz and Yu,6 were
developed.These theories avoid higher transcendental func-
tions but do require numerical differentiation and calculation
of retarded blade locations. For the current application, the
frequency domain was chosen because the roles of blade
geometry and operating condition are much clearer. Also, the
influence of acoustic "noncompactness" and how it can be
used for noise reduction is more obvious in the frequency
domain because blade dimensions can be compared with the
wavelengths associated with harmonics of interest.

Radiation Theory
In this section, theoretical equations are derived from the

acoustic analogy for later discussion. Also, comparisons with
earlier propeller theory and with test data are presented.

Derivation
The starting point for the analysis is Goldstein's version of

the acoustic analogy which is described as the "fundamental
equation governing the generation of sound in the presence of
solid boundaries" (Ref. 7, Eq. 3.6):

/ f r f / dG dG \
P'(x,t) = -^\ (poVn^r +fi -T- )dS(y)dr

Cn J-T JS(r) \ dT dV; /

+ 4 f t ^r-r-C
2

0 J-T Mr) dyfdyj

Quoting Goldstein, "it is an exact result. It applies to any
region v(r) which is bounded by impermeable surfaces S(T)
in arbitrary motion provided the source distributions Ttj and
fi are localized enough to ensure convergence of the in-
tegrals." The source terms are as follows. Vn, the normal
surface velocity, will be called the monopole term in keeping
with current usage despite the fact that it exhibits the
characteristics of higher order poles when in motion.7 The
dipole source/) is the /th component of the force per unit area
exerted by the fluid on the boundaries. (The sign convention
for Vn andfj are opposite Goldstein's.)

The quadrupole source 7^ is LighthilPs stress tensor which,
neglecting viscosity, is

where «/ is the /th component of the disturbance velocity in
the otherwise quiescent fluid and

p = c2
0pf (3)

is the acoustic pressure at field points sufficiently far from the
source. The integrals over the source time r are over a range
± riarge enough to include all source times of interest. For
Green's function G the free space form will be used:

G = 8(t-T-R/c0)
4-KR (4)

where R= \x—y\ and jc and y are observer and source
locations measured from a reference point fixed in the
quiescent fluid. For a propeller in forward flight (with one
blade, for the moment), it is convenient to replace the Car-

tesian source coordinates with the space-fixed, locally or-
thogonal helicoidal coordinates yi, = (y0,£o»ro) defined ac-
cording to

U

y2=r0cos

U

r0U U

u (5)

and shown in Fig. 1. The %0 = 0 helicoid is that surface swept
out by the radial pitch change axis (PCA) in forward motion
at speed V and rotating at angular speed Q. y0 is the distance
along the helix measured from the location of the pitch
change axis at t = 0. £0 is distance normal to the helix. Both y0
and £0 are arc lengths measured on a cylindrical surface with
radius r0. This system has the advantage over other helicoidal
systems in that the y0 and £0 coordinates also act as the
conventional airfoil coordinates for an airfoil "wrapped"
onto the cylindrical surface.

For an observer at x,y,Q, the distance R is given by

(6)

In the following derivation, the approximation from thin-
wing aerodynamic theory is used, permitting the surface
boundary conditions to be satisfied on a mean surface rather
than on the blade upper and lower surfaces. Thus, the source
strengths Vn and f{ are determined from actual blade
geometry but their point of action is on the mean helicoidal
surface. A quantitative discussion of this approximation will
be given later. For these surface sources, the surface area
element becomes dS = dy0dr0. For the quadrupole source Tijy
which acts throughout the volume surrounding the blades, the

7Pitch Change
Axis (PCA)
A t t = 0

Advance Triangle

Fig. 1 Blade element shown in helical coordinates y0 and £0.
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volume element is dy = d£0dy0dr0. The volume of the blade
itself is assumed to be negligible so that the volume in-
tegration is performed over all space. With these ap-
proximations the acoustic pressure becomes

f°° rrf00

= ~ L 1
dG dG

(7)

where Ttj is assumed to be sufficiently localized so that the %0
integration does not extend to the helicoidal surface of the
next blade. Vn andf, are interpreted as the sum of the upper
and lower surface values. For analytical convenience, the
steady convected source system is replaced by an equivalent
system Vnjit Ttj that is fixed in space but timed to "turn on"
in just the correct manner by the passing of the blade. Thus,
the surface sources are defined for -oo<70<oo, but are
nonzero only at the blade locations. The infinite integration
range is a benefit in the Fourier transforms that follow.

Again for analytical convenience, the surface sources will
be re-expressed as volume sources. The dipole source f{ at
r = 0 can be written

fi (yo>ro) =1^1 (yo»ro»

with

(8)

(9)

where 6 (FA + £0 ) is a Dirac delta function which places the
surface sources on the £0 = - FA surface if the blade is bent or
offset as shown in Fig. 1 . The monopole source is given by

where U is the local section speed

Again the action at the mean surface is expressed by

£/=VF2+fl2r£ (11)

and the local surface slope (upper and lower surfaces lumped
together) is

(12)

(13)

The only time dependance of the source considered here is
that due to convention in the -70 direction at speed U. Thus,
if the thickness distribution H(yo>ro>Zo) is as shown in Fig. 2
at time r = 0, then in general, the source distribution is given
by H(y0 4- Urtr0,%0). Thus, the acoustic pressure is given by
the volume-time integral.

, dG

dG
-Ft (70 4- UTSo.to) —— + Tu (70

d2G

TLE
Fig. 2 Thickness source distribution at r = 0.

by parts. Also, a generalized source function

U2H"( r ——Fi> o Po o^ o> o ^ i 0, <

(15)

is defined so the pressure can be written

, ,. &(t-T-R/C0)P(x,t)= 4irR
d£0dy0dr0dT

(16)

It should be pointed out that the second derivative H" of the
curve in Fig. 2 is infinite at the leading and trailing edges
because the path of integration crosses the edges as shown.
This could be expressed formally as a delta function
H' (yLE>ro>Zo)S(yo ~JLE) at tne leading edges for example;
however, this turns out to be unnecessary because these
derivatives are eventually removed in the chordwise Fourier
transforms.

Equations (15) and (16) are equivalent to the theory derived
by Morse and Ingard8 for "radiation from a region of violent
fluid motion." Since their derivation did not include any
surfaces, we have demonstrated that the thin-blade ap-
proximation permits the mathematical simplification of
replacing the blade surfaces by their effect on the fluid.

In Eq. (16) the T integration may be performed first because
the spatial integration limits no longer depend on T. Thus,

J IK
—— , (17)

This is essentially the formulation used previously by the
author for near-field, time domain calculations.5 Finding the
values of 70 for which yL <y0 4- Ut—UR/c0 <yT, where yL
and yT are the leading- and trailing-edge locations at t = 0, is
the equivalent to finding the retarded location of the blade at
time t.

The usual procedure for far field calculations is followed:
expanding the expression for R [Eq. (6) in this case] via the
binomial expansion for radiation from points near the origin
to the field point r,0. In the argument of g, terms to first order
in 70 Ir, £0 /r, and r0 Ir must be retained so that

Qr0 V / K£0 Ityo \
R^r--— £0cos04- ^70cos0-r0sin0cos(—-~ + ~TT ) O8)

is used for retarded time calculations. For the amplitude
factor l/R, we simply use R—r.

To proceed with the derivation, a wavenumber description
of the source is defined via the Fourier transform pair:

(14)

The partial derivatives are now moved temporarily from the
Green's function onto the source functions using integration

(20)
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Substitution of Eq. (20) into Eq. (17) gives

xexp [-/ ̂  (y0 + Ut- ™ )]dcod£0d7odr0 (21)

This is the general far-field result for any helically con-
vected source as given by g in Eq. (15) and its transform in Eq.
(19). For B blades, the mih harmonic of blade passing
frequency is found by setting n = mB and multiplying by B.
Waveforms can be computed from the Fourier series

P(t)= (29)

But this is in the form of a Fourier integral

(22)

Thus, the Fourier transform of the acoustic pressure is

co / UR
xexp -i

Substitution of Eq. (18) into Eq. (23) yields

exp

(23)

[ co Qr0 ~\
-/ ——— £0cos0U

c0 U J
(24)

where

*- -
and A/x = K/c0 is the flight Mach number.

In the Appendix it is shown that

(25)

/=
l-MxcosB*

-MxcosO (26)

from which it follows that the noise at radiation angle B is
periodic at the Doppler frequency (Q/27r)/(l -Mxcos0). If
we write the discrete spectrum as the sum of the harmonics

(27)

where />„ is the «th complex Fourier coefficient of the
acoustic pressure, then

Pn (*) = 4Trr(l-MxcosO)

xexp -i- (———cosO- — )£0 \d£0dr0I U \ c0 r0 / J

where 0^ =li/(l -

(28)

To study the effects of blade design parameters and
operating conditions, Eq. (28) will now be recast in a form
which displays these variables explicitly. Also, the noise
harmonic PmB will be written as the sum of several com-
ponents each associated with a different source:

"I" F*D + Pl + F*2 (30)

where the components are due to

PVm— volume displacement "monopole" or
thickness source

P£>m=drag dipole, force oriented in local
convection direction

PLm =lift dipole, force oriented normal to local
convection direction

Piim*Pi2m>P22m = quadrupole components associated with
the yo>yo>'7o>£o> and %o>£o coordinates,
respectively

The radial force and quadrupole components are ignored
here but can be worked out using the techniques which follow.
For the monopole term, the thickness distribution h(y0,r0) in
Eq. (10) is written in terms of the shape function H(X) shown
in Fig. 3 with unit chord and unit thickness

MCA\
~1T) (31)

where X=y0/b is the normalized chordwise coordinate;
b = chord, and tb = ratio of maximum thickness to chord. The
associated wavenumber description of the thickness source
from Eqs. (15) and (19) is

\mBVDxexp[f——— (32)

Integration by parts, use of Eqs. (13) and (32), and an obvious
change of integration variable lead to

MCA

where

(33)

(34)

H(X)

-1/2 0 1/2
Fig. 3 Normalized thickness distribution.
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and kx is a dimensionless chordwise wave number given by

2mBBDMT

Mr(l-Mxcos6) (35)

Substitution of Eq. (33) and similar formulas for the other
sources leads to the final result

ikx(CD/2)*D(kx)
-iky(CL/2)*L(kx)

(k2*22(kxtky)

dz

(36)

The radial integration limit extends to the tip for the surface
sources ^fy,^fD, and ¥L and to infinity for ¥,-,.

The frequency domain source functions for drag and lift
¥D and yL are defined by equations analogous to Eq. (34):

(37)

(38)

where/p and/L are functions whose areas integrate to unity
(i.e., ¥D(0) = ¥£(0)=1) and whose shapes express the
chordwise distributions of drag and lift forces via

(39)

PoU2 MCA
(40)

where/, and/2 were discussed in conjunction with Eq.(7).
The frequency domain quadrupole source terms are

(41)

with Ttj referenced to a coordinate system fixed at the section
center. Figure 4 shows the distribution of the dominant
quadrupole element Tu =pu2+p-c2

0p' calculated using
Carlson's TRANDES computer program.9 The source is
reasonably localized around the airfoil surface.

A second wave number is defined according to

ky =
2mBBD /M2

rcosO-Mx

zMr \ l-MxcosO (42)

The phase shifts $5 and <£0 due to sweep and offset or face
alignment, respectively, are given by

2mB / M2
rcosO-Mx\FA

zMr \ l-MxcosO ~

and
2mBMT MCA

Mr(l-MxcosB) D

(43)

(44)

General Features of the Theory
The equations above give the complex Fourier coefficients

of far-field noise radiated by steady monopole, dipole, and
quadrupole sources convected helically with propeller blades.
They are written in terms of y, the aircraft altitude, and 0, the
radiation angle. 6 is a "retarded" angle, i.e., it is referred to
the aircraft location when the sound was emitted. The
equations contain a profusion of Doppler factors, 1/(1 -
Mxcosd), in both amplitude and frequency roles. These are
shown in Ref. 10 to have a strong influence at the high cruise
speeds of current interest.

The dipole lift from a blade element has a two-lobe
directivity pattern with the node between lobes at an angle
given by M2cosO-Mx = 0. The pressures in the two lobes are
180 deg out of phase and are each 90 deg out of phase with the
monopole thickness noise.

Equation (36) shows that the Tn quadrupole radiates like
the monopole term with respect to directivity and spectrum
behavior. This source was discussed in detail in Ref. 11 where
it was shown to be a significant contributor at transonic blade
section speeds.

The limitation of the thin-blade assumption can be assessed
with the aid of Eq. (44). If FA is interpreted as the error in
point of application of the source in the direction normal to
the chord, then <£0 will be the associated phase error. Con-
sider, for simplicity, the static case, MJC = 0, and say that the
error is equal to the blade thickness btb. Then 4>0 = 2mBMT
BDtbcosB. If numbers representative of prop fans are
assumed (B = 8, Afr = 0.8, BD=Q.l5, ^=0.02) and if <t>0 is
converted from radians to degrees, then <t>0 = 2.2 deg x mcosO.
Thus, significant phase errors occur only at very high har-
monic order even near the axis. Near the plane of rotation,
cos0 « 0, the error will be negligible at all frequencies.

Relation to Previously Published Theory
For the most part, the theory derived above is an extension

of preceedings results to account for forward flight and
noncompactness. The effects of offset and sweep are ac-
counted for by phase shifts which vary with source radius.
Since these have not been included explicitly in previous
results, 00 = <^ = 0 is used for the current discussion and
discussion of offset and sweep is reserved for another
paper.10

In the Arnoldi thickness noise theory,3 a factor K appears
which is the ratio of the airfoil cross-sectional area at each
radius to the product of its thickness and chord. The Arnoldi
theory can be recovered exactly from the first line of Eq. (36)
by setting kx in the argument of ¥K to zero. That is, ¥K(0) is
Arnoldi's factor K, which agrees with the definition of
^ f v ( k x ) in Eq. (34). Since kx is a measure of chordwise
noncompactness, it follows that Eq. (36) is a generalization of
Arnoldi's theory to include this effect.

In the Garrick and Watkins loading noise theory2 chord-
wise noncompactness was included approximately by
projecting the airfoil loading distribution onto a disk rather
than onto a helicoid as in the present work. It turns out that
the only difference this makes in the final result is to change
the form of the arguments of ¥D and VL in Eqs. (37) and
(38). That is, the Garrick and Watkins equations are obtained
by setting kx = 2mBBD/z. This form for kx is correct for the



1218 D. B. HANSON AIAA JOURNAL

Do

fi
Q

1
B
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Airfoil

1/2 Chord
Above

Upper
Surface

Lower
Surface

1/2 Chord
Below

-Mid Chord
Alignment

Fig. 4 Distribution of quadrupole strength around airfoil based on
two-dimensional transonic flow calculations; series 16 airfoil: 3%
thickness ratio, 0.15 design lift coefficient, Mach number = 0.85,
angle of attack = 0, lift coefficient = 0.21.

Fig. 5 Test arrangement for prop fan in UTRC acoustic wind tunnel.
7 microphones in foreground; wind tunnel nozzle afleft.

static case, Mx = 0; however, in forward flight the Doppler
factor causes an error of about 3 in kx for prop fans at the
peak radiation angle. As will be seen in Ref. 10, omitting this
factor will cause a substantial overprediction in loading noise.

The Hawkings and Lowson treatment of static propeller
noise12 used essentially the same model for thickness and
loading as is used here and their theory is recovered exactly
from Eqs. (36-38) by setting the flight Mach number Mx = 0.

Finally, Hanson and Fink11 investigated the role of
quadrupole sources for the static, zero lift case. Their
quadrupole noise equations are obtained by setting Mx = 0 for
the Pijm terms in Eq. (36).

Comparison with Test Results
Before exploring the theory derived above in any detail, it

must be checked against test data to verify its accuracy. The
most critical test of a theory is comparison of waveforms
because they preserve sign and phase information whereas
spectra do not. The hardware chosen for comparison is a two-
bladed version of the Hamilton Standard SR-1 prop fan as
tested in 1976 in the United Technologies Acoustic Wind
Tunnel shown in Fig. 5. The blade characteristics are given in
Fig. 6. The test was conducted at 0.32 flight Mach number
and 1.049 tip helical Mach number. The spanwise distribution
of lift coefficient shown in Fig. 7 was calculated from lifting-
line aerodynamic theory. For loading noise predictions, the
chordwise distribution of Ap was arbitrarily assumed to have
a parabolic shape.

Developed Planform
Face Side

Leading
Edge

8 Blades
203 Activity
Factor
0.081 Integrated
Design C|_

62.2 cm.
(24.5 In.)
Diameter

36

t
20

'2
S 4

-12

0.16

ffl

.3
CO

0.10

0.08

0.06

0.04

0.8

Series 65

Series 16
0.2 0.4 0.6 0.8 1.0

Blade Radius r/R
Fig. 6 Characteristics of SR-1 prop fan blade used in test data
comparison.
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Fig. 7 Radial distribution of lift coefficient used for SR-1 prop fan
noise calculations.

The comparison with data is shown in Fig. 8 where the
theoretical waveforms were calculated according to

/>(')= (45)
m=-80

where only the monopole thickness and the dipole lift com-
ponents were used. (It was calculated with the PDrn term of
Eq. (36) that the dipole drag noise component is negligable for
thin blades with reasonably good lift/drag ratios). The
frequency 0 rather than the Doppler frequency QD was used
because there is no Doppler shift in the wind tunnel.



OCTOBER 1980 HARMONIC NOISE OF PROPELLERS IN THE FAR FIELD 1219

572

Flight Mach No. MX = 0.32
Tip Rotational Mach No. MT = 1.00

Nozzle 244

1 2 3 4 5 6 /7

-1196
0.6 -0.6 0.6 0 -0.6 0.6

Time — Milliseconds

-0.6

— — — Theory
———— Test

Fig. 8 Comparison of theoretical and experimental waveforms for a two-blade SR-1 prop fan tested in UTRC acoustic wind tunnel; predictions
include dipole lift and monopole components only.

Figure 8 shows that the linear theory predicts experimental
waveshapes and their changes with directivity satisfactorily,
with the exception of small differences in pulse width and
amplitude. Further comparison with test data are given in a
prop fan test report.13 Some of these results are summarized
by Hanson14 who shows for more highly swept blades (the
SR-3 prop fan design shown in Fig. 1 of Ref. 10) that linear
theory agrees well in all respects with test data. Evidently,
with adequate sweep, the flow is linearized. Reference 14 also
shows for unswept supersonic blades with subsonic-type
airfoil sections that the existence of a detached bow shock
explains the discrepancy between theoretical and experimental
pulse widths. The fact that this flow phenomenon cannot be
handled conveniently with quadrupoles is not a problem in
practice because supersonic propellers would not be designed
without sweep.

Conclusion
A new theoretical propeller noise formulation has been

derived that refines and extends the previous frequency
domain theories by distributing the blade sources on a
helicoid. Many of the blade design parameters appear ex-
plicitly and in simple forms that indicate their effects on noise
amplitude and phase. The linear theory is shown to agree
sufficiently well with prop fan data to warrant studying in
detail. This is done in another paper.10

Appendix: Evaluation of an Integral
The integral in question is Eq. (25), which can be rewritten:

The second exponential can be expanded with the Bessel
generating function,

exp[/zcosx]= ^ -M*)exp '
n=~oo L

which gives, after rearrangement,

(A2)

(A3)

The integral can be evaluated with the Dirac delta function
formula

(A4)

to establish Eq. (26).
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ENTRY HEATING AND
THERMAL PROTECTION—v. 69

HEAT TRANSFER, THERMAL CONTROL,
AND HEAT PIPES—v. 70

Edited by Walter B. Olstad, NASA Headquarters

The era of space exploration and utilization that we are witnessing today could not have become reality without a host of
evolutionary and even revolutionary advances in many technical areas. Thermophysics is certainly no exception. In fact, the
interdisciplinary field of thermophysics plays a significant role in the life cycle of all space missions from launch, through
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